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ABSTRACT 

We prove the following theorem: Let T be an order preserving nonexpansive oper- 
ator on L1 (it) (or L + ) o f  a a-finite measure, which also decreases the L~-norm, 
and let S = t l  + ( 1 - t) T for  0 < t < 1. Then for  every f E Lp ( 1 < p < oo ), the 
sequence Snfconverges weakly in Lp. (The assumptions do not imply that T is 
nonexpansive in Lp for any p > 1, even if tz is finite.) For the proof we show that 
]]sn+lf - snfHp -+ 0 for everyfE Lp, 1 < p < o% and apply to S the following 
theorem: Let T be order preserving and nonexpansive in L 7, and assume that T 
decreases the L~-norm. Then for  g E Lp (1 < p < oo) T"g is weakly almost con- 
vergent. I f  for  f E Lp we have T"+l f  - T " f  --* 0 weakly, then T " f  converges 
weakly in Lp ( 1 < p < oo ). 

1. Introduction 

Order preserving operators T in L1 (or L { )  of a o-finite measure #, which are 

integral preserving and  satisfy TO = 0, can serve as models for r a n d o m  mot ions  

of  matter.  Such operators arise also in some solutions of systems of partial  differ- 

ential equat ions [CT], and are necessarily nonexpansive in L],  i.e., 11Tf- Tg  n l ~-- 

I I f -  gill for f , g  ~ L](or  Li  ~) [CT], [KL]]. 

The following ergodic theorem was proved in [KLI]: "Let T be order preserv- 

ing and nonexpansive in L[ and assume that T decreases the Loo-norm. Then for 

[Part of the second author's research was done during a visit to the University of G6ttingen. 
:~Heisenberg fellow of the Deutsche Forschungsgemeinschaft. 
Received November 6, 1989 

181 



182 U. KRENGEL ET AL. Isr. J. Math. 

f G Lp, 1 < p < ~ ,  An f =  n -l ~ - ~  T k f  converges weakly in Lp. If/z is finite, 

weak convergence in L 1 holds for f E L 1 ." 

An example in [LS] shows that the limit need not be a fixed point, even if A n f  

converges strongly. The example belongs to the class of disjointly additive oper- 

ators studied in [KL2]. The reason for that phenomenon seems to be that the set 

of fixed points is not convex, hence T is not nonexpansive in any Lp (1 < p < oo). 

In this paper we study a commonly used iteration (introduced by Krasnoselskii 

[Kra] with t = ½): Let 0 < t < 1 and S = t l +  (1 - t)T, and iterate S. Clearly, S 

and T have the same fixed points, so strong convergence of S n must be to a fixed 

point. Opial [O] proved that if T is nonexpansive in a bounded convex set of a 

Hilbert space, then Snx converges weakly to a fixed point. Strong convergence 

need not hold [GLind]. The first step in Opial's proof is the weak convergence of 

Tnx (to a fixed point) when T is asymptotically regular (11T n+lx - T"x  11 --. 0 for 

every x).  Bruck [BI] showed that weak asymptotic regularity (Tn+~x-  T"x  --, 0 

weakly) is sufficient for the weak convergence of I Tnx], by proving weak almost 

convergence in Baillon's ergodic theorem [Ball. (The first application of  almost 

convergence to nonlinear ergodic theory is due to Reich [Re2].) Reich [Re] and 

Bruck [B2] obtained weak almost convergence of  T ' x  for nonexpansive maps 

with bounded orbits on closed convex sets in uniformly convex Banach spaces with 

Fr&het differentiable norm, thus extending Baillon's result [Ba2]. Hirano [H] 

replaced the F-differentiability of  the norm by Opial's original assumption. 

Ishikawa [I] proved (a general result implying) that IIs~+'x- S~xll - ,  o for T 

nonexpansive with bounded orbits in any Banach space. This implies the (weak) 

convergence of  S ' x  whenever (weak) almost convergence of Snx holds, a fact al- 

ready used by Reich [Re]. 

In this paper we prove almost convergence of  Tn f  (in the weak topology) for 

f E  Lp (1 < p  < c~), under the assumptions of [KL~]. We show that, although T 

need not be nonexpansive in Lp ( |  < p < oo), ]1S"+lf-  Snf]]p ~ 0 f o r f E  Lp, and 

therefore Sn f  converges weakly. 

2. Limit theorems for order preserving nonexpansive operators in L I 

It is known in the linear case that ergodic theorems for a (linear) order preserving 

nonexpansive operator T on L~ require that T reduce the L~-norm.  

In the nonlinear case, norm reducing and nonexpansiveness are different notions 

and our operators need not be nonexpansive in Lp for p > 1. 

LEMMA 2.1 [KLI]. I f  T is an order preserving nonexpansive operator in LI 

which decreases the L~-norm, then T is norm decreasing in Lp for  1 < p < co. 

(A different proof  is given in [LW], Lemma 2.2 and Proposition 2.4.) 
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Our first result is that in the mean ergodic theorem of  [KL~] we have almost 

convergence of  T ~ f  (in the weak topology of  Lp, 1 < p < oo). Bruck IBm] noted 

that Lorentz's theorem holds also in locally convex topological vector spaces: x.  

is almost convergent to x i f  and only i f  for  every ergodic summation matrix (a.,i) ,  

~-ai%o an,iXi converges to x as n --. oo. (Recall that (a.,~) is an ergodic summat ion  

matrix if a.,i >-- O, ~i%o a.,i = 1 for every n, and lim.~oo Zi%0 [a.,i - a.,i+ll = 0.) 

In the weak topology, we need only Lorentz's original theorem. 

For the proof  of  our result, along the lines of  the p roof  of  [KL~], we need the 

following improvement  of  the quantative generalization [KL~] of a lemma of  

Djafar i -Rouhani .  (This formulation allows us to obtain the weak almost conver- 

gence of the iterates of  nonexpansive maps in Hilbert spaces.) 

LEMMA 2.2. Let (x~) be a bounded sequence o f  vectors in a Hilbert space. As-  

sume that, f o r  some ~ > O, 

(2.1) lim supi,j~o~SUpk[llXi+k -- Xj+kl[ 2 -- Ilxi -- Xj[I 2] ___ e. 

Let (a.,i) be an ergodic summat ion  matrix, and pu t  y .  = Zi%o a.,ixi.  Then for  

any two weak limit points  u and v o f  the sequence ( y . )  we have II u - v l[2 < e:. 

P R O O F :  Let (mk) and (nk) be increasing sequences with w - limymk = u, w - 

l imy.  k -- v. By passing to subsequences and applying the diagonal argument,  we 

may assume that the following limits exist: 

c~ = limk~oo Zi%o amk,~l[xgll 2, 

/3 = limk~oo Zi%o ank,illxil[ 2, 

( j )  = l imk.= ~ i%o amk,i II xi - xj  II 2, 

¢(J') -- l i m ~  Zi%o a.~ , i l l x~  - xj l l  ~. 

By taking further subsequences, we may assume the existence of 

~p~ = lira Z~°=0 amk, j~( j ) ,  ~o~ = lim ~]j°°- 0 a .k , j~ ( j ) ,  

oo a 
¢~ = lim Z]%o a , .kd¢(J ) ,  ¢~ = lim ~]j=o "kale(J)" 

For e' > 0, (2.1) implies that there e x i s t s / s u c h  that for i , j  >_ I, k >_ O, ]lxi+k - 

xi+k IJ 2 --< Ilxi - x j l l  2 + 

By the "shift invariance" of  the rows in (an, i) (and boundedness of  (x.)),  we 

obtain 

¢ ( j  + k) < ¢ ( j )  + e + e' f o r j  >_ I. 
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Hence  lim s u p j ~ = ~ ( j )  _< lim inL_oo~( j )  + e, and thus, using again the "shif t  in- 

var iance" ,  we obta in  I ~  - ~'~1 -< e. Similarly, [¢~ - ¢~1 < e. Now 

( Y n , Y m )  = ~-ai ~--Jjam, ian , j (X i ,X j )  

= I ~ i  ~jam,ian,jl!Xi[[ 2 + ~ ~,,i ~jam,ian,j[lXj[[ 2 

_ 1 ~-ai ~-~jam, ian.j[lXi -- xjll 2 

= ~ Z~am,~llx~ll = + ½ Zja~ , j l lx i l l  ~ - 21 Z~ ~,jam,,a.,jllx~ - xjll 2 

Put  m = mk, and let k --, oo to obta in  

1 [  ] 
< y . , u >  = ~ ~ + ~ a . , j l l x j l l  2 - ~ a a . , j ~ ( j )  . 

J J 

Put t ing  n = mk and letting k --. o% we get ( u , u )  = (a + a - ~ ) / 2 .  Put t ing  

n = nk and letting k ~ 0% we get ( v, u)  = (o~ +/3  - ¢~) /2 .  Similarly, put t ing first 

n = nk in the expression for  ( Y . , Y m )  and letting k ~ o% and then m = nk or 

m = mk, we have ( v , v )  = (/3 + ~G - ¢~ ) /2  and ( u , v )  = (~  + /3  - ¢~ ) /2 .  Hence  

][u - vii 2 = ( u , u )  + ( v , v )  - 2 ( u , v )  = ( - ~  - ¢~ + ~ + ¢~) /2_<  e. 

THEOREM 2.3. Let T be order preserving and  nonexpansive in L 1 (Ix) (or in 

L { ) and assume that T decreases the Loo-norm. Then for  any f E Lp, 1 < p < oo, 

T " f  is almost  convergent in the weak topology, i.e., f o r  any ergodic summat ion  

matrix  (a,, i), Z i%o a,, i T i f  con  verges weakly. I f  Ix is f inite,  weak almost  con ver- 

gence in LI holds f o r  any f E L 1 . 

PROOF. We follow the p r o o f  o f  [KL1], by noting the changes.  

First reduction. It is enough to prove  the theorem (when T is defined on all 

o f  L1) only for  T o n  L~-. The  p r o o f  of  L e m m a  4.2 in [KL1] gives the est imate on 

the individual terms,  and the "shif t  invar iance"  of  the rows in (a, , i)  yields the 

result. 

We fix a given (an.i), and define A . f  = ~°=  0 an,iTif. For  f ~ Lp, 1] Tif]lp <_ 

}lfl}p by L e m m a  2.1, so also IIA,,f}lp <_ Ilfllp. 

Second reduction. It is enough to prove  for  0 <_ f E  Lp bounded:  The  p r o o f  in 

[KL1] applies ve rba t im with the extended definit ion o f  A . f .  

Third reduction. It is enough to prove for f @ Lp f') L ~ integrable: The estimate 

in [KL~] is for  individual terms,  so the p r o o f  there applies,  writing, at the end o f  

that  p roof ,  A .  (S) = ~]j%o a.j Si.  
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PROOF OF THE THEOREM. Since Lemmas  4.4 and 4.5 o f  [KLI] remain un- 

changed,  in the p r o o f  o f  [KLI] we have only to redefine (Xm,n = ~i~=O an,iXm,i. 
Since T i f  M co i _ = ~]m=0 Xm.i, we still have Z~=oC~m,n = Z i = o a , . i T f -  A , f ,  and the 

p roo f  remains the same as in [KLI],  using our  L e m m a  2.2 instead o f  L e m m a  4.3 

there. 

Finally, note that if for every ergodic summat ion  matrix we have convergence,  

then the limit is the same for all matrices (otherwise we intertwine the rows of  two 

matrices to obtain a new one with two limit points). 

REMARK. The almost  convergence is not just a slight generalization o f  the er- 

godic theorem, but is crucial for the next result. 

COROLLARY 2.4. Let  T sat is fy  the hypotheses  o f  Theorem 2.3. I f  T n f  - 

T n + l f  --, 0 weakly  in Lp (1 < p < ~ )  f o r  a given f E  Lp, then T " f  converges 

weakly. 

PROOF. T " f  is almost convergent weakly, by Theorem 2.3, so T " + l f -  T ~ f ~  0 

weakly implies convergence,  by [B1]. 

THEOREM 2.5. Let  T be order preserving and  nonexpans ive  in LI (#) (or  

in L-~ ) and assume that T decreases the L~-norm.  For f i x e d  0 < t < 1 define S f  = 

t f  + (1 - t )Tf .  Then f o r  f ~ Lp, 1 < p < co, S n f  converges weakly. I f  l~ is f ini te,  

S " f  converges weakly  in L1 f o r  any f E LI .  

PROOF. By Lemma 2.1, Tis  norm decreasing in Lp, 1 < p < ~ .  Theorem 2.5 

follows f rom Corol lary  2.4 and the following general lemma. 

L E M ~  2.6. Let K be a convex subset o f  a uniformly convex Banach space, and 

let T b e  a norm-decreasing map  (i.e., II Txll <- Ilxll) o f  K into i tsel f  Then the oper- 

ator Sx  = tx  + (1 - t )Tx,  def ined f o r O  < t < 1, satisfies IISn+lx - S"xll ~ O  f o r  

every x C K. 

PROOF. Fix x E K. By our  assumption,  IISnx]] is decreasing (since S is also 

norm-decreasing),  so let D = limll S"xll = infll Snxll. We have to prove the lemma 

only for D > 0. 

Fix e > 0. By un i fo rm  convexity,  there exists 6 > 0 such that  whenever  

Ilyll,]lzll _ < D + 6  and ]ltz + (1 - t ) y  H >_D, then I l y -  zll < ~. Let I]SNx[I < D + 6. 

Then,  for n > N, 

IITSnxII <_ IIS~xl[_ IISNxII < D + 6, 

Il tS~x + ~1 - t )YSnx l l  -- IIS~+'xII _> D,  

Hence I[S~x - TS~xll <_ ~ and IIS"x - S"+lxll < ~ for n > N. 
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REMARKS. (1) Pointwise convergence of S ~ f  need not hold under the assump- 

tions of  Theorem 2.5, even if # is finite and T is linear (hence nonexpansive 

in Loo). J. Rosenblatt  [R] showed that for every invertible ergodic measure 

preserving transformation r on an atomless probability space, there exists a mea- 

surable set A such that [SnlA ] is not a.e. convergent ( T f = f o  r, of  course). 

(2) We may use Ishikawa's result [I] for the proof  of  Theorem 2.5: For T in 

L1 we obtain IjS~+lf - S"fl l l  --, 0 f o r f E  L1, hence Sn+lf  - S n f  - ,  0 weakly in 

Lp (1 < p < oo), with strong Lp-convergence when # is finite. However,  Lemma 

2.6 has a much simpler proof,  and yields additional information when ;t is infinite. 

(3) If  in Lemma 2.6 the space is a Hilbert space and t = ~, we have even 

PROOF. 

Hence 

oo 

I l a n x -  s , ,+ixl l  2 ~ (llxll 2 - l i m l l  Snxll2).  
n = 0  

By the parallelogram identity, 

IIx + Txll 2 + Ilx - Txll 2 ~ 411xl[  2. 

I I x -  'rxll 2 <- 4 ( l l x l l  2 - I l S x l l 2 ) ,  

so using Sx = ½ (x  + Tx) we have 

1 
tlx - Sxll 2 = ~ llx - TxV- <- I lx l l  2 - IlSxll'. 

We now use this for S ' x  instead of  x and sum over n. 

(Note: NII S ' x  - s n + a x l l  need not converge, by [GLindl.) 

We now want to exhibit a class of  examples where T satisfies the assumptions 

of  Theorem 2.5, but T i s  not nonexpansive in Lp for p > 1. We will obtain f rom 

Proposition 2.9 below that any T which is order preserving, integral preserving and 

disjointly additive on L~ (or L~-) of  a finite measure space is not nonexpansive in 

Lp .for p > 1, unless it is linear. A construction of nonlinear examples, with T also 

Loo norm decreasing, was given in [KLd, and further studied in [KL21. The exam- 

ple in [LS], where N -1 N-1 ~ ,=0  T ~ f  converges strongly to a non-invariant limit, 

also belongs to that class. 

For the sake of completeness, we include the proof  from [LW] of the following 

lemma: 

LEMMA 2.7. Let T be order preserving and integral preserving on L l ( L +) o f  

a probability space. Assume that, f o r  some 1 < p < 0% T is nonexpansive in Lp. 

Then for  any f E L~ and t (t >>_ O) we have T ( f  + t) = T f  + t. 
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PROOF. Note that Tis  nonexpansive on L1 by [KLI]. 

Since ~(f2) = 1, f o r f E  Lp and t > 0 we have 

t -- f[ff+ t) -f]d. -- f IT(f+ t) - Tf]d. <_ fITlY+ t) - Tfll,.lllllq <- t, 

using preservation of integrals and H61der's inequality. We obtain equality in 

H61der's inequality, so T ( f +  t) - T f  must be a constant, which is t since Tpre -  

serves integrals. Now T ( f +  t) = T f +  t f o r f E  L1 and t _> 0 follows by continuity. 

When Tis  defined on all of  LI,  and t < 0, then T f =  T ( f +  t - t) = T ( f +  t) - t. 

COROLLARY 2.8. The assumptions  o f  L e m m a  2.7 with 1 < p < co imply that T 

is nonexpansive  in Loo. 

REMARK. If  we assume only that Tis  norm decreasing in Lp, it is also in L = .  

DEFINITION [KL2]. T is called disjointly addit ive if f g  = 0 = T ( f  + g) = 

T f  + Tg. 

PROPOSITION 2.9. Let  T be disjointly additive on L 1 (L  ~( ) o f  a probabil i ty 

space, order preserving and integral preserving. If, f o r  some 1 < p < 0% T is nonex- 

pansive  in Lp, then T is linear. 

PROOF. The case of  Li ~ is simpler (some parts of  the following proof  should 

be omitted), so we prove the L~ case. By disjoint additivity, TO = 0. 

Let A be measurable, a,/3 _> 0. Using disjoint additivity and applying Lemma 

2.7 to f = 1A we obtain (since Tc = c f rom Lemma 2.7 with f = 0) 

T(c~ +/3IA) = o~ + T(/31A) = T(o~l A + C~IAc) + T(/31A) 

= T(c~ 1A) + T(~ IA C)  + T(31A). 

From disjoint additivity we get 

T(o~ + 31A) = T(O~IAC + (o~ + 3)1A) = T(O~IAC) + T((o~ + 3)lA). 

Hence T ( ( a  + 3)1A) = T(C~IA) + T(31A) .  By induction, T(no~lA) = n T ( ~ I A )  

for n a natural number.  Replacing a by a / n  we get 

T o~1 A n 

and then conclude (mc~ instead of c~) that T ( t a  1A) = t T ( ~  1A) for t > 0 rational, 

and, by continuity, for t > 0 real. For c~ > 0, Ta = c~, by Lemma 2.7, and we get 

T(c~ 1AC ) = 0~ -k- T ( - a  1A). Hence T(-to~ 1A) = - - T ( t a  1A) = --tT(c~ 1A) for t > 0. 
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Thus  T(to~lA) = tT(O~IA) for  any t real, c~ _> 0. We use T(--O~IA) = - T ( o ~ l  A) 

again to obta in  T ( t u  1 A ) = tT(c~ 1 A) for  any t and u. Together  with disjoint addi- 

tivity, T is homogeneous  on simple functions,  hence T is homogeneous  on L~ (#) 

by continuity.  Together  with disjoint additivity,  we obta in  that  T is addit ive on 

simple functions,  and,  by continuity,  T is additive.  

3. On convergence in Hilbert spaces and in Lp 

We have not been able to decide if (or when) the convergence in T h e o r e m  2.5 

is in the Lp norm.  We collect in this section some results related to the l emmas  in 

the previous section, which deal with s t rong convergence.  

LEMMA 3.1. Let  (x~) be a sequence o f  vectors in a uni formly  convex  Banach 

space, satisfying: 

(i) [[x.+l "[-Xm+l[[ ~---][x~+Xm[[forn,  m>_O, 

(ii) lim inf~oo [[xn - x~+~ [[ = 0. 

Then xn converges strongly. 

PRooF. By (i) with m = n, [Ix. [I is decreasing, so we have to prove  only when 

lira II x~ t[ = infll xn II = D is positive. Fix e > 0. By the un i form convexity,  there ex- 

ists 6 > 0 such that  for  y, z satisfying [[ y 1[, [I z [[ -< D + 6 and [[ y + z [[ -> 2D - 6 we 

must  have [[ y - z [] -< e. Let m and k satisfy 

(1) lira i n f ~  [[x~+k - X~+m 11 = O. 

By (ii), (1) holds for  k = m + 1, m >_ 0. 

Fix N s u c h  that  ][XN[[ --< D + & Take  n > 0 such that  n + k > N, n + m > N. We 

can find n '  > n with []x~,+k - x~,+m[[ - 6, by (1). Hence,  by (i), we have 

[[xk+~ +Xm+~ll --> Ilxk+n ' +Xm+~'ll Z 2]lXk+n'l[ -- 6 --> 2 D -  6. 

Since I1 xk+,~ II -< D + 6 and 

1] X m +  n - -  X k +  n 1] -~< C. Since e 

for  k and nl satisfying (1). 

( m , k )  satisfies (1). 

1[ X m  I-n 1[ ~ D + 6, we have by the defini t ion of  6 that  

> 0 was arbi t rary ,  we have l im~o~ [[ x,+~ - X,+m [[ = 0 

Thus  l imn~o IIx, - x , + ~  It = 0 by (ii). Hence  any pair  

To show that  (xn) is a Cauchy  sequence, note that ,  for  e > 0, if m , k  > N we 

can take n = 0 in the above a rgument  to get I1Xm - xk 11 <- E. 

REMARK. In Hilbert  spaces, condition (i) of  L e m m a  3.1 is already sufficient to 

En=~ x , ,  see [W]. In fact, s trong a lmost  con- ensure strong convergence of  ( l / N )  N . 

vergence holds. 

Our  next l emma gives in Hilbert  spaces quanti tat ive estimates related to the pre- 

vious l emma,  in the spirit o f  L e m m a  2.2. 
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LEMMA 3.2. Let  Ix,-: I be a sequence  o f  vectors in a HUbert  space which 

satisfies: 

(i) limn Ir x ,  II = D exists. 

(ii) l i m n ~ l l x . + l  - x~ll = 0. 

(iii) lim supn, m ~ l i m  infk~[lJX~+k + X m + k l l  2 - IIx~ + Xmll 2] ----- ~ (e >-- 0).  

Then l im sup  . . . . . .  II xn  - Xm 112 < ~. 

PROOF. I f  D = 0 the result is obvious. For  D ~: 0 we may,  and do, assume 

D = I .  

Let 6 > 0. By (i), there exists N such that  1 - a < Ilxn II < 1 + 6, for n > g .  By 

(ii), for  each fixed j we have ]lxk+j - xk 11 ~ 0. By (iii), there exists M such 

that  for fixed m , n  > M w e  have IIx~+k + xm+kll 2 - Ilxn + Xmll 2 <-- e + b for  infi- 

nitely many  k. 

Fix m , n  > M y  N.  For  k large enough IlXm+k - x~+kl[ < 6, since limkllXm+k -- 

x~+kll = lim~]lX(m-,)+k -- xkll = 0. The large k is chosen so that  (consequence o f  

(iii)) 11 x,+k + Xm+k I12 ~ ]1Xn + Xm II 2 + ~  + 6. Clearly, also 1 - 6 < II x~+~ II < 1 + 6, 

1 -- 6 < IlXm+kl[ < 1 + 6, SO 

tlXm+k + X~+~lf = tf2X.+k + (Xm+k -- X~+k)ll -> 2llx~+ktl - 6 _> 2 - 36. 

Hence 

IlXm -- X~II z + (2 -- 36) 2 -- 6 -- e --< [IX,. -- X~II z + IIXm+~ + X.+kH 2 -- 6 - - e  

<_ IlXm -- Xnll 2 + IlXm + Xn]l 2 = 2(llXmll 2 + IIX. 112) --< 4(1 + 6) 2. 

Thus,  IlXm - -X.  ll 2 --< e + 216. Hence lim sup.,m~oollXm - x .  II 2 -< e + 216 for every 

6 > 0, so the result follows. 

REMARKS. (1) P u t t i n g ,  = 0 we obta in  a convergence  theorem for  x . .  Of  

course,  if x .  converges,  all three condit ions o f  Lemma 3.2 are necessary (with 

E = 0). 

(2) Condi t ion  (i) implies (by taking m = n large) that the left-hand side o f  (iii) 

is non-negative.  

The following lemma, trivial when # is finite, shows that  if we assume in The- 

orem 2.5 that  T is also nonexpansive in L~ ,  then Lp-strong convergence o f  S ~ f  

for  e v e r y f E  Lp, 1 < p < ~ ,  will follow f rom LE-Strong convergence for every 

f E L2. (Nonexpansiveness in Lp is needed for  the approximat ion . )  

LEMMA 3.3. Let  { f~ } be a sequence in L 1 f) L~  with I1 f/Ill < K1, I1 f/II ~ < K~.  

I f  { f i  } is a Cauchy sequence in L2, then it is a Cauchy sequence in every Lp, 1 < 

p < ~ .  
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Since IIf/ll~ = f If/IPd# -< IIf/lll IIf/ll~ -~, there exists Kp > 0 such that  PROOF. 

Ilfillp <- Kp for  every i. 

The  l e m m a  follows f rom the following assertion: 

n + l  
For every n, If/} is a Cauchy sequence in Lp i f  p >_ - -  

n 

F o r n = l ,  i f p _ > 2 t h e n  

I1 , - 11; = f -- f Is, - 

and {f/] is a Cauchy  sequence in Lp, since it is in L2 by assumpt ion .  

Assume the assert ion to be t rue for  n = k, and let p > (k  + 2 ) / ( k  + 1). Then  

( p  - 1) (k  + 1) > 1, and thus 

Illf, r ~-~,,*+, f - -J j  IIk+l = If/ --fjl(P" l)(k+l)d# 

Jjll(p-l)(k+l) ~ (2K(p-l)(k+l 

Hence,  by H61der 's  inequality,  

Ilf, - fsll~ = f I f / - fs l  If/-0~1 (P-')dg <_ IlL - f j  Ilck+,)J,l[ If~ - f j l  ~-' [Ik+l 

-< IIf/--fJll(*+t)/k(2g(p-,)(*+l)) p-1. 

It follows f r o m  the induct ion hypothesis  that If/-] is a Cauchy  sequence in Lp, 

p > (k  + 2 ) / ( k  + 1). 

REMARKS. (1) I f  t~ is finite, I f  i} is clearly a Cauchy  sequence in L1 (/z), and 

then in any Lp, 1 < p < ~ .  Thus,  L e m m a  3.3 is non-tr ivial  only fo r /z  infinite. 

(2) We m a y  assume in the l emma  that  If,.] is a Cauchy  sequence in Lpo, for  

some 1 < Po < 0% since I I f / -  fsll~ -< I I f / -  f s l b o l l f / -  fJJlp0/(p0-1) shows that  the 

conclusion holds.  
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