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ABSTRACT

We prove the following theorem: Let T be an order preserving nonexpansive oper-
ator on Li(u) (or LT) of a o-finite measure, which also decreases the L..-norm,
andlet S =tI + (1 — )T for 0 < t < 1. Then for every f€ L, (1 < p < ), the
sequence S”f converges weakly in L,. (The assumptions do not imply that T is
nonexpansive in L, for any p > I, even if g is finite.) For the proof we show that
| S+ f —~ 87}, - 0 for every f€ L,, 1 < p < o, and apply to S the following
theorem: Let T be order preserving and nonexpansive in LT, and assume that T
decreases the Lo,-norm. Then for g € L, (1 < p < o) T"g is weakly almost con-
vergent. If for f € L, we have T"f — T"f - 0 weakly, then T"f converges
weakly in L, (1 < p < o).

1. Introduction

Order preserving operators Tin L; (or L) of a o-finite measure p, which are

integral preserving and satisfy 70 = 0, can serve as models for random motions
of matter. Such operators arise also in some solutions of systems of partial differ-

ential equations [CT], and are necessarily nonexpansive in L, i.e., |7f — Tg|, <

|/ — gl for f,g € Li(or LT) [CT], [KL,].

The following ergodic theorem was proved in [KL,]: “Let T be order preserv-

ing and nonexpansive in L, and assume that 7 decreases the L, -norm. Then for

+Part of the second author’s research was done during a visit to the University of Gottingen.
{Heisenberg fellow of the Deutsche Forschungsgemeinschaft.

Received November 6, 1989

181



182 U. KRENGEL ET AL. Isr. J. Math.

fEL,1<p<oo, A, f=n"" 2}y T¥f converges weakly in L,. If y is finite,
weak convergence in L holds for f& L,.”

An example in [LS] shows that the limit need not be a fixed point, even if A4, f
converges strongly. The example belongs to the class of disjointly additive oper-
ators studied in [KL,]. The reason for that phenomenon seems to be that the set
of fixed points is not convex, hence T is not nonexpansive in any L, (1 < p < o).

In this paper we study a commonly used iteration (introduced by Krasnoselskii
(Kra] with s =1): Let 0 < s < tand S =t/ + (1 — )T, and iterate S. Clearly, S
and 7T have the same fixed points, so strong convergence of S” must be to a fixed
point. Opial [O] proved that if T is nonexpansive in a bounded convex set of a
Hilbert space, then $"x converges weakly to a fixed point. Strong convergence
need not hold [GLind]. The first step in Opial’s proof is the weak convergence of
T"x (to a fixed point) when T is asymptotically regular (|7"*'x — T"x| — 0 for
every x). Bruck [B,] showed that weak asymptotic regularity (7""'x — T"x - 0
weakly) is sufficient for the weak convergence of {T"x}, by proving weak almost
convergence in Baillon’s ergodic theorem [Ba;]. (The first application of almost
convergence to nonlinear ergodic theory is due to Reich [Re;].) Reich [Re] and
Bruck [B,] obtained weak almost convergence of T"x for nonexpansive maps
with bounded orbits on closed convex sets in uniformly convex Banach spaces with
Fréchet differentiable norm, thus extending Baillon’s result [Ba,]. Hirano [H]
replaced the F-differentiability of the norm by Opial’s original assumption.
Ishikawa [I] proved (a general result implying) that | S"*'x — S"x| — 0 for T
nonexpansive with bounded orbits in any Banach space. This implies the (weak)
convergence of S”x whenever (weak) almost convergence of S”x holds, a fact al-
ready used by Reich [Re].

In this paper we prove almost convergence of T"f (in the weak topology) for
fE€ L, (1 <p< o), under the assumptions of [KL,]. We show that, although T’
need not be nonexpansive in L, (1 < p < ), |§"*'f—8"f],— 0 for f€ L,, and
therefore S”f converges weakly.

2. Limit theorems for order preserving nonexpansive operators in L,

It is known in the linear case that ergodic theorems for a (linear) order preserving
nonexpansive operator 7 on L, require that T reduce the Lo-norm.

In the nonlinear case, norm reducing and nonexpansiveness are different notions
and our operators need not be nonexpansive in L, for p > 1.

Lemma 2.1 [KL,]. If T is an order preserving nonexpansive operator in L,
which decreases the Lo-norm, then T is norm decreasing in L, for 1 < p < oo.

{A different proof is given in [LW], Lemma 2.2 and Proposition 2.4.)
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Our first result is that in the mean ergodic theorem of [KL,] we have almost
convergence of T"f (in the weak topology of L,, 1 < p < =). Bruck [B;] noted
that Lorentz’s theorem holds also in locally convex topological vector spaces: x,,
is almost convergent to x if and only if for every ergodic summation matrix (a, ;),
2720 a4y 1 X; converges to x as n — o (Recall that (a, ;) is an ergodic summation
matrix if a, ;= 0, X720 a, ;= 1 for every n, and lim,, .. 220 |@y; — @pis1| =0.)

In the weak topology, we need only Lorentz’s original theorem.

For the proof of our result, along the lines of the proof of [KL,], we need the
following improvement of the quantative generalization [KL,] of a lemma of
Djafari-Rouhani. (This formulation allows us to obtain the weak almost conver-
gence of the iterates of nonexpansive maps in Hilbert spaces.)

LeEmMA 2.2.  Let (x;) be a bounded sequence of vectors in a Hilbert space. As-
sume that, for some ¢ > 0,

Q2.0 lim sup; ;oo SUPx [ Xisk — X442 — [ — X171 <e.
Let (a, ;) be an ergodic summation matrix, and put y, = X724 a, ;x;. Then for

any two weak limit points u and v of the sequence (y,) we have |u — v|? < €

Proor: Let (my) and (n;) be increasing sequences with w — limy,,, = u, w —
limy,, = v. By passing to subsequences and applying the diagonal argument, we
may assume that the following limits exist:

o =limy e 226 @i | X 1%
B = im0 2720 @y, il %],
e (J) =My o0 B0 il X — x5%,
V() =limy o X720 @n i X — x5
By taking further subsequences, we may assume the existence of
Po =M B0 e j0 )y 05 =liMTZ0a,, 00)),

\ba:limzjcio A Y (J)s ¢5=Iim2ﬁoank,jll/(j)-

For ¢’ > 0, (2.1) implies that there exists [ such that fori,j =1, k = 0, |x;.x —
xj+k”2 < "X;' - Xjuz +e+¢€

By the “shift invariance” of the rows in (g, ;) (and boundedness of (x,)), we
obtain

o(J+Kk)<oe(j)+e+¢€ forj= I



184 U. KRENGEL ET AL. Isr. J. Math.

Hence lim sup; ... ¢(/j) < liminf: ., ¢(j) + €, and thus, using again the “shift in-
variance”, we obtain | ¢, — ¢g] < e. Similarly, |y, — ¥5| <e. Now

> Im) = 2i 22, A, Xis Xj)
=13 Y m i@t XiP 2 D amian | X))
— 3 2 Zjam,ian ] X — x|
= 3 Bt | X+ 3 2 %07 — 3 20 am ian % — X))

Put m = m,, and let kK - o to cbtain
1 » i
(.ymu>=5 a+zan,j“xj" —Ean,jso(./) .
J J

Putting n = m; and letting k — o0, we get (u,u) = (o + a — ¢,)/2. Putting
n = n; and letting k — oo, we get {v,u) = (a + 8 — ¢g)/2. Similarly, putting first
n = n, in the expression for (y,,7,> and letting kK — oo, and then m = n; or
m = my, we have (v,v) = (8 + 8 — ¥3)/2 and (u,v) = (o + B — ¥,)/2. Hence

lu = v = Cu,ud + (0, 0) = 2u,0) = (=g, =Yg + 05+ ¥o) /2 <.

THEOREM 2.3. Let T be order preserving and nonexpansive in L,(p) (or in
L) and assume that T decreases the L-norm. Then for any fe L,, 1 <p < o,
T"f is almost convergent in the weak topology, i.e., for any ergodic summation
matrix (a, ;), 2% a, ;T'f converges weakly. If p is finite, weak almost conver-
gence in L, holds for any f€ L,.

Proor. We follow the proof of {[KL,], by noting the changes.

First reduction. 1t is enough to prove the theorem (when 7 is defined on all
of L,) only for Ton LT. The proof of Lemma 4.2 in [KL,] gives the estimate on
the individual terms, and the “shift invariance” of the rows in (a, ;) yields the
result.

We fix a given (a,;), and define A, f = %29 a,  T'f. For f€ L, |T'f], <
| f|, by Lemma 2.1, so also |4, f|, < | fl,-

Second reduction. It is enough to prove for 0 < f € L, bounded: The proof in
[KL,] applies verbatim with the extended definition of A4, f.

Third reduction. 1t is enough to prove for f& L, N L7 integrable: The estimate
in [KL,] is for individual terms, so the proof there applies, writing, at the end of
that proof, 4,(S) = X7 a, S’
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ProOF OF THE THEOREM. Since Lemmas 4.4 and 4.5 of [KL,] remain un-
changed, in the proof of [KL,] we have only to redefine a,, , = 272g @n,iXm ;-
Since T'f = 3 M_y x,,;, we still have X¥_o«,, , = X 20a,,T'f = A,/f, and the
proof remains the same as in [KL,}, using our Lemma 2.2 instead of Lemma 4.3
there.

Finally, note that if for every ergodic summation matrix we have convergence,
then the limit is the same for all matrices (otherwise we intertwine the rows of two
matrices to obtain a new one with two limit points).

REMARK. The almost convergence is not just a slight generalization of the er-
godic theorem, but is crucial for the next result.

COROLLARY 2.4. Let T satisfy the hypotheses of Theorem 2.3. If T"f —
T™*'f — 0 weakly in L, (1 < p < ®) for a given f € L,, then T"f converges
weakly.

Proor. T"fis almost convergent weakly, by Theorem 2.3, so T f—T"f>0
weakly implies convergence, by [B,].

THEOREM 2.5. Let T be order preserving and nonexpansive in L,(p) (or
in L} and assume that T decreases the Lo,-norm. For fixed 0 <t <1 define Sf =
tf+ (1 — t)Tf. Then for f€ L,, 1 < p < o, S"f converges weakly. If p is finite,
S"f converges weakly in L, for any f€ L,.

ProoF. By Lemma 2.1, T is norm decreasing in L,, | < p < oo. Theorem 2.5
follows from Corollary 2.4 and the following general lemma.

LEMMA 2.6. Let K be a convex subset of a uniformly convex Banach space, and
let T be a norm-decreasing map (i.e., |Tx| < | x|) of K into itself. Then the oper-
ator Sx = tx + (1 — t)Tx, defined for 0 < t < 1, satisfies | S"*'x — S"x| — 0 for
every x € K.

Proor. Fix x € K. By our assumption, | S"x| is decreasing (since S is also
norm-decreasing), so let D = lim| S"x| = inf|| S”x|. We have to prove the lemma
only for D > 0.

Fix ¢ > 0. By uniform convexity, there exists & > 0 such that whenever
|»l,1z]l =D+6and |tz+ (1 —t)y| = D, then | y —z|| <e. Let | SVx| <D +6.
Then, for n > N,

ITS"x| < | S"x| < | S¥x| <D + 5,
16S"x + (1 — ()TS"x| = | $"+'x| = D.

Hence |S"x — TS"x|| < e and |S"x — S"*'x| < e forn> N.
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ReEMARKS. (1) Pointwise convergence of $”f need not hold under the assump-
tions of Theorem 2.5, even if u is finite and T is l/inear (hence nonexpansive
in L,). J. Rosenblatt [R] showed that for every invertible ergodic measure
preserving transformation 7 on an atomless probability space, there exists a mea-
surable set A such that {S”1,1} is not a.e. convergent (7f = f- 7, of course).

(2) We may use Ishikawa’s result [I] for the proof of Theorem 2.5: For T in
L, we obtain | $"*'f — S"f||, = 0 for f € L,, hence S"*'f — §"f — 0 weakly in
L, (1 < p < »), with strong L ,-convergence when u is finite. However, Lemma
2.6 has a much simpler proof, and yields additional information when  is infinite.

(3) If in Lemma 2.6 the space is a Hilbert space and ¢ = }, we have even

i:_‘:) 1S"x — S"*ix|? < (] x]* — Lim]| S"x|?).

Proor. By the parallelogram identity,

Ix + Tx)* + ||x — Tx|? < 4| x|

Hence
lx — Tx|? = 4(| x> = | Sx]*),

so using Sx = 1 (x + Tx) we have
1 ) )
Jx — Sx|* = 2 - Tx|* < |x|? — | Sx|*.

We now use this for $”x instead of x and sum over 7.

(Note: X || S"x — S"*'x| need not converge, by [GLind].)

We now want to exhibit a class of examples where T satisfies the assumptions
of Theorem 2.5, but T is not nonexpansive in L, for p > 1. We will obtain from
Proposition 2.9 below that any T which is order preserving, integral preserving and
disjointly additive on L; (or L{) of a finite measure space is nof nonexpansive in
L, for p> 1, unless it is linear. A construction of nonlinear examples, with T also
L. norm decreasing, was given in [KL,], and further studied in [KL,}. The exam-
ple in {LS], where N™! 320 T"f converges strongly to a non-invariant limit,
also belongs to that class.

For the sake of completeness, we include the proof from [LW] of the following
lemma:

LemMa 2.7. Let T be order preserving and integral preserving on L, (L{) of
a probability space. Assume that, for some | < p < oo, T is nonexpansive in L,.
Then for any f€ L, and t (t = 0) we have T(f+ t) =Tf + 1.
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ProoOF. Note that T is nonexpansive on L; by [KL,].
Since u(Q) =1, for f€ L, and 1 > 0 we have

t=f[(f+f)—f]du=f[T(f+l) —Tfldp < |T(S+0) = Tf |11, = ¢,

using preservation of integrals and Holder’s inequality. We obtain equality in
Holder’s inequality, so T(f+ t) — Tf must be a constant, which is # since T pre-
serves integrals. Now T(f+ t) = Tf+ ¢t for f€ L, and 1 = 0 follows by continuity.
When Tis definedonallof L, and ¢t <0, then Tf=T(f+t—t)=T(f+ 1) — ¢.

COROLLARY 2.8. The assumptions of Lemma 2.7 with 1 < p < o imply that T
is nonexpansive in L,,.

REMARK. If we assume only that T is norm decreasing in L, it is also in L.

DEerINITION [KL,]. T is called disjointly additive if fg = 0= T(f+ g) =
Tf + Tg.

ProposiTiON 2.9, Let T be disjointly additive on L, (LY) of a probability
space, order preserving and integral preserving. If, for some 1 < p < oo, T is nonex-
pansive in L,, then T is linear.

Proor. The case of L} is simpler (some parts of the following proof should
be omitted), so we prove the L, case. By disjoint additivity, 70 = 0.

Let A be measurable, o, = 0. Using disjoint additivity and applying Lemma
2.7to f = 1, we obtain (since Tc = ¢ from Lemma 2.7 with f = 0)

T(a+Bly)=a+T(BLly) =T(aly +alyc)+ T(B1,)
=T(aly) + T(alyc)+ T(B1ly).
From disjoint additivity we get
T(a+Bly) =T(alyc+ (@ +B8)1,) = T(alye) + T{a + B)Ly).
Hence T((ox + 8)1,4) = T(aly) + T(B1,). By induction, T(nal,) = nT(al,)
for n a natural number. Replacing o by a/n we get

1 1
T<_011A> = - T(alA))
n n

and then conclude (ma instead of «) that T(fal,) = tT(x1,) for ¢ > 0 rational,
and, by continuity, for £ > 0 real. For a > 0, Ta = «, by Lemma 2.7, and we get
T(algc) =o+ T'(—aly). Hence T(—taly) = —T(taly) = —tT(x1,) for £ > 0.
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Thus T(taly) = tT(al,) for any £ real, & = 0. We use T(—aly) = —T(aly)
again to obtain T(fo1,) = tT(a1,) for any ¢ and «. Together with disjoint addi-
tivity, T i1s homogeneous on simple functions, hence 7 is homogeneous on L; (u)
by continuity. Together with disjoint additivity, we obtain that 7 is additive on
simple functions, and, by continuity, 7T is additive.

3. On convergence in Hilbert spaces and in L,

We have not been able to decide if (or when) the convergence in Theorem 2.5
is in the L, norm. We collect in this section some results related to the lemmas in
the previous section, which deal with strong convergence.

LemMa 3.1. Let (x,) be a sequence of vectors in a uniformly convex Banach
space, satisfying:

O Nxns1 + Xmer| < X0 + x| for n,m = 0,

(i) liminf, . |X, — Xpe1 ] = 0.
Then x, converges strongly.

PrOOF. By (i) with m = n, | x,,| is decreasing, so we have to prove only when
lim|x,| = inf|x,] = D is positive. Fix e > 0. By the uniform convexity, there ex-
ists 6 > 0 such that for y, z satisfying | y||,|z| =D+ dand |y + z| 22D — 6§ we
must have | y — z| < e. Let m and k satisfy

(1) lim infnﬂoo "xn+k — Xnam " =0.

By (ii), ) holds fork=m + 1, m=0.

Fix N such that | x| < D+ 6. Take n > O such thatn + k>N, n+ m > N. We

can find n’ > n with | X, x — X, 1| = 6, by (1). Hence, by (i), we have

1 Xksn + Xpmanll = [ Xctn + Xmin | = 2| Xpin]| — 6= 2D — 6.

Since | x¢4n| < D + 6 and || x,4,] = D + 6, we have by the definition of $ that
| Xmsn — Xicsn| < €. Since € > 0 was arbitrary, we have lim, e | X,4x — Xn4m| =0
for k and m satisfying (1). Thus lim, .. |x, — X,+1]| = 0 by (ii). Hence any pair
(m, k) satisfies (1).

To show that (x,) is a Cauchy sequence, note that, for e > 0, if m,k > N we
can take n = 0 in the above argument to get ||x,, — xx| < e.

Remark. In Hilbert spaces, condition (i) of Lemma 3.1 is already sufficient to
ensure strong convergence of (1/N) 20, x,; see [W]. In fact, strong almost con-
vergence holds.

Our next lemma gives in Hilbert spaces quantitative estimates related to the pre-
vious lemma, in the spirit of Lemma 2.2.
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LemMa 3.2. Let {x.} be a sequence of vectors in a Hilbert space which
satisfies:

(i) lim,|x,| = D exists.

(i) lim, .|| X, — X.| =0.

(iii) 1im Sup,, moelim infy e[| Xpek + Xmas]> = [ X2 + X021 <€ (e = 0).
Then im sup,,_ o | X» — X |* < €.

Proor. If D = 0 the result is obvious. For D # 0 we may, and do, assume
D=1

Let 6 > 0. By (i), there exists N such that 1 —é < |x,|| <1 + &, for n > N. By
(i), for each fixed j we have | x4y, — x| -—2 0. By (iii), there exists M such
that for fixed m,n > M we have | X,k + Xmss|* = | X, + X |? < € + 6 for infi-
nitely many k.

Fix m,n > M v N. For k large enough || x,,,x — X.44| < 6, since limy || x,, 44 —
Xpek) = limg | X(n-nysx — Xk|| = 0. The large k is chosen so that (consequence of
(D) | Xpax + Xmai)* = ) X0 + X |* + € + 8. Clearly, also 1 — 8 < | x4l <1+,
1 =6 < || Xmak] <1486, s0

uxm+k + Xtk “ = nzxm—k + (Xpak — Xn+f<)” = 2"Xn+k “ —-6=2-36.

Hence
| X% — x,,||2 +(2-38°—-6—€x< I Xm — x,,||2 + | Xmin + x,,+k||2 —d—¢
< % = Xl + 1 Xm + X7 = 200 %17 + [ )?) < 4(1 + )%

Thus, | X, — X, ]|* < € + 218. Hence lim sup,, m—co [ Xm — X |> < € + 215 for every
6 > 0, so the result follows.

ReMarks. (1) Putting ¢ = 0 we obtain a convergence theorem for x,. Of
course, if x, converges, all three conditions of Lemma 3.2 are necessary (with
e =0).

(2) Condition (i) implies (by taking m = n large) that the left-hand side of (iii)
is non-negative.

The following lemma, trivial when  is finite, shows that if we assume in The-
orem 2.5 that T is also nonexpansive in L, then L,-strong convergence of S"f
for every f€ L,, 1 < p < oo, will follow from L,-strong convergence for every
f € L,. (Nonexpansiveness in L, is needed for the approximation.)

LemmMa 3.3.  Let { f;} be a sequence in L, N L, with || fi|, < Ky, | filw < Ke.
If { f;} is a Cauchy sequence in L,, then it is a Cauchy sequence in every L,, 1 <
p < oo,
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Proor. Since | fi||; = f | fil7dw < | fi) 1 /1%, there exists K, > 0 such that
I fil, < K, for every i.
The lemma follows from the following assertion:

n+1
n

For every n, { f;} is a Cauchy sequence in L, if p =

For n =1, if p = 2 then

=518 = [ 1= gied= [ 1= 215~ 417 = 1 = 130K,

and {f;} is a Cauchy sequence in L, since it is in L, by assumption.
Assume the assertion to be true for n = k, and let p = (k + 2)/(k + 1). Then
(p—1)(k+1)=1, and thus

I'l.f; —fjlpﬂ”ﬁ} = f'f' __fj_l(p—l)(kﬂ)d#

— (p—1)(k+1) —
=1 = HIGE0GE) = QK ety P7HED,

Hence, by Holder’s inequality,

||f,-—fjll’£=flﬁ—ﬁilfz—ﬁl‘”””dus 1fi = Fil ceensid 1fi = 1P i

< | fi —Fil sy CK sy )P

It follows from the induction hypothesis that { f;} is a Cauchy sequence in L,,
p=(k+2)/(k+1).

ReMARrks. (1) If u is finite, | f;} is clearly a Cauchy sequence in L;(u), and
then in any L,, 1 < p < o, Thus, Lemma 3.3 is non-trivial only for u infinite.

(2) We may assume in the lemma that { f;} is a Cauchy sequence in L, for

some 1 < py < oo, since | f; = fil3 < |fi = filpoll fi = filpo/(po-1) Shows that the
conclusion holds.
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